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ON CONTROL OF TIME FOR REACHING A DOMAIN BY RANDOM MOTION *

V. B. KOLMANOVSKII and T. L. MAIZENBERG

The problem is examined of maximizing the time for reaching the boundaries of the
domain of a dynamic system moving under constant random perturbations of Gaussian
white noise type and under pulsed action simulated by a Poisson process. Certain
properties of the maximum time and of the optimal control are studied. The control-
led motion of a rigid body acted on by random perturbing moments relative to the
center of mass is examined as an example. The presence of random perturbations caus-
es the kinetic moment of the rigid body to take arbitrarily large values. The pur-
pose of controlling the rigid body's motion is to maximize the time for the kinetic
moment to achieve some limit admissible value. The problem of retaining the system
within a specified domain of phase coordinates has been taken up in a number of
papers. In /1/ it was shown that certain questions on the motion control of an arti-
ficial satellite on synchronous orbits reduce to the maximization of the probability
of retaining the system within a specified domain during a prescribed time interval.
Another example of similar kind is connected with the working of water storage basins
mentioned in /2/.

1. cConsider the controlled stochastic system

dz () =[b(z, (@) +ec@@®)u@)dt+o(z @) dE @)+ (1.1)
f{®)dn(@), t>0, 2(0) ==z

Here z(f) is a vector in the »n-dimensional Euclidean space E,; §(f) is an m-dimensional
Wiener process; vector N() =M%, ..., 0 n'() (i=1,...,r) is a homogeneous Poisson process
with parameter A; and all the n' are independent and in aggregate do not depend on processi (t);
control u (z) is a vector with values in a closed bounded convex set U C Ejb,c(x), 0 (2) and
f(z) are certain deterministic matrices. Equation (1.1) should be understood in the It8
sense /3/. The latter paper also gave sufficient existence and uniqueness conditions for solu-
tions of similar equations. Such conditions are, for example, a local Lipschitz condition for
matrices ¢, 0 and f and for the components of vectors & and u, as well as that their growth
at infinity is no more than linear. Under such assumptions on the smoothness of the coeffici-
ents Eq. (1) with any initial condition z(0) = z & E, has with unit probability a unique right-
continuous sclution free of discontinuities of the second kind, defining a homogeneous Markov
process X. The last summand in (l.1) then characterizes shock perturbations,
Let G be a bounded domain in E, with a sufficiently smooth boundary T. The control

u (z) & U ensuring the existence of a solution of Eq. (l.l) with any initial condition z (0) =

G up to the instant of exist of this solution from G is said to be admissible, The class of
admissible controls is denoted [;,. In order to emphasize the dependence of process (l.1l) on
control u we shall sometimes denote it X, and the corresponding trajectory by z, (). Let

Ty = 7, (G) be the first exist instant of process X, from ¢ /4/, uwe&l, We set

Vi@y==M,, Vo(z)= sup V(1)
ush o

Here M, is the symbol for the mean computed under the condition that the initial state of
the process is an arbitrary point r & G. The problem is to find a control u, under which
the equality

Vo (2) = M v, = Vo (2) (1.2)

holds for any z& G. Sufficient conditions for solving the optimal problem indicated can be
stated in terms of the Bellman equation corresponding to system (1.1). By L, we denote the
generating operator /4/ of process X. in space (2 (E,), equal to /3/

Ly (x) = % a @)V i+ (c(@)u @)+ b ) Vet Z WVi(x+ @) e)—V (@) A, (1.3)

1 i==1

.M:

i,j

z=(z',...,2%, V()eC(E)

)
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Here the prime denotes transposition, Fy is a vector with components gV / oz', ¢ is an element
of matrix @ (@) =0 {2)0" (z),¢; 1is an r-dimensional vector whose ;-th component equals one while
the rest are zero, Vi; is a matrix with elements V] dx'ox’. By D (¢) we denote the space
of functions twice continuously differentiable in §# and continucus and bounded everywhere in
I,

Lemma 1, assume that a control u,{x) &= U, and a nonnegative function V{(z)c& D (G} sat-
isfying the conditions

LyV (@) =1 =0, LV{@) +1<0, V26 ues U (1.4)
Vir) ~0, 26
have been found. Then u, is the optimal control and ¥V is the Bellman function.

The proof in case V e €2(E, is carried out by applying It8's formula /3/ to function ¥ at
the instant T, () = min (1,, 1) , with a subsequent passage to the limit as t- o and the use of
relations (l1.4), which is consistent with the proof of the analogous statements in /5,6/. Let
us explain this in more detail. From It8's formula and the first two of conditions (1.4)
it follows that

ru“)
MY (e(w, @) =V @ =M, | LY@ @6)d)<— M, ()

i

for any admissible control w». Consequently,
M, (0 < — MV T, 0+ V7)< 2sup,gi ¥ (D)

x
The sequence T,(§ is nonnegative and monotonically nondecreasing in t .Therefore, by Lebesgue's
theorem it is possible to pass to the limit as t— ~ under the integral sign. Doing this, we
get that —a ;

M, < 2supee V (z)
for any admissible control u , From this estimate It8's formula and the first of relations
(1.4) we conclude that ) i )
My @)=V (@)= = (a) = — M

XU

Similarly, using the second of relations (1.4), we have
- V{r) — Mz (Ty)

for any admissible control u. By the same token we have established the optimality of con-
trol s when V(2e=C€?(E,). In the general case it is sufficient to approximate V=D (G by a
uniformly bounded sequence of functions V; e €%(E,) coinciding with ¥V in some subdomain G;¢ G,
6,1 ¢, and to apply It8's formula to these functions at instant min (%, {6, .

The following conditions in terms of the coefficients of (1,1), under which the stated
means are finite, follows from /7,8/.

Lemmq 7, Assume that for some i =1,...at least one of the conditions
1) af‘(x)>a>0, R
2Y (@) >h>0 (or R (z) . —h<C0), where @ and k are certain constants and &' (2) is

the i -th component of vector .
hx) = b(r) -+ c(r)u () + AE [ (@) Myey
v=1
is fulfilled for all z from some neighborhood of the closure & of set G. Then the inequal-
ity . P
Px (T\L>l‘} s CE “1 VIEG, t;-'() (1.5)

is valid. Here P, is the probability of the event within the braces under the condition that
the initial state z{0) -z, while the positive constants ¢ and v are determined by the para-
meters of the original control problem and are independent of both x and u.

We rewrite relations (1.4) as the boundary-value problem

supuer oV (z) = —1, z& 6 (1.6

Vi) =0, 2 =6

At first we derive the existence conditions for the solution of the equation obtained from
(1.6) if we omit the supremum sign in the first relation. As usual /9,10/ C&+ () denotes
the space of functions k times differentiable in &, whose k-th derivatives satisfy a H&lder
condition with index @ (0 <<« <{1), Also, we take the boundary I' to be of class CM* if in
some neighborhood W of each of its points the boundary T can be defined by an equation of form
=@, . L 2t f L 2, where b Oe (W ) G).

Lemma 3, Assume that the elements of matrices a(z) and f(z) satisfy a Lipschitzcondi~
tienin {7, the components of vector b, (z) = b (z) + ¢ (2)u (z) are measurable and bounded, and the
boundary I'eC*<. In addition, suppose that a constant p >0 has been found such that
n n
2! a2y > p E vt
i, 2 t=}

3 755,

for any real numbers Ui ---» ¥n and for all x . Then a unique almost-everywhere solution of
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the problem (0 << 6 <Z1)

LV@ =—1, 26 (1.7)
Vz)=0 zE6

exists in the class B of functions V (z) & C'*%(G) having a square-integrable second derivat-
ive in G. We remark that a number of properties of operators I and ¥V have been established
in /11/.
Proof, On the basis of /12/ the boundary-value problem (l.7) has a unique solution
V(z) & Wpe®(6) with p>n, and
V@) = Myty,, zeG (1.8)

Here W;,o (6) is the space of measurable functions having generalized derivatives in the sense
of Sobolev of up to second order, inclusive, summable on G to degree p, and vanishing for

z=G. Let D be the differential part of operator (1.3). By o (z) we denote a solution of the
boundary-value problem

N Ay (1.9)
Do (@) —ho(m)=—1— N MV (z-+f(z)e), 2= C
j=1
0@=0, zG A=i+...+4>0
From (1.5) follows the uniform boundedness in zeG of the functions M.1,. Hence from (1,8)

it follows that the right hand side of (1.9) is measurable and bounded in =z« ¢. Hence /9/,

boundary-value problem (1.9) has the unique solution o (z) in class B. This solution o (z) be-

longs as well to Wpet(G)« In addition, in class Wp,?{G) the function V (z) too serves as a

solution of problem (1.9). The equality w(z)= V() is valid because the solution of problem

(1.9) is unique in class Wped(G). Hence, the solution V(s) of problem (1l.7) belongs to class
B. Lemma 3 has been proved.

We take an arbitrary measurable function u; = u; (z) with values in set U, under the as-
sumption that the hypotheses of Lemma 3 are fulfilled. By V,(z) we denote a solution of the
equation LV, (z) = —1 for almost all z& G with boundary condition V, (z) = 0, z =6. We find
a function u,(z) from the relation

SUPuct U (D)Vix = wy’ (2)c" (2) Ve
It is well known /13/ that vector Uy (z) can be defined in such a way that its components are

bounded measurable functions. Proceeding by induction, we construct the sequences u; (z) = U
and V;(z) = B satisfying the conditions

LyVie)=—1, z=6 Vi(@) =0, z=¢6 (1.10)

SUPueu ¢ (2) Vix = Uiny (2) € () Vi

for all i>1. We remark that the successive approximation procedure presented was applied
in a number of papers (see /6,13/, for instance) for other stochastic system control problems.
We set ® =V, — V,. From relations (1.10) follow

Ly,02) <0, 266 o(x =0 zE=6 (1.11)

Hence by virtue of /12/ Tuigy

or)=— M; S Ly, @ (T, ¢) dt >0
0

Vin@ >V >0 (1.12)
Lemma 4, Let the hypotheses of Lemma 3 be fulfilled. Then as i-» oo the sequence
(Vy, Vi) converges to the function (Vg Vo:) uniformly in z&@. Function V,(z) & B. The
second derivatives of functions V; converge weakly to the second derivatives of function V, (z)
in the space B, of functions square~integrable in G.
Proof., From formula (1.8) with u=uy; and (1.5) it follows that

supi. xeo"ri ()<L e o0

Then

(1.13)

Now we form a sequence of functions ®;(z), the solutions of boundary-value problem (1.9) with

V= V;. Because of the uniqueness in class B (see Lemma 3) of the solution of problem (1.9)
we have ®;(z) = V¥;(z). Hence, on the basis of /9/, the estimate

sup; ceg |avi/ax(<c< oo
follows from (1,13). Hence from (1.12) it follows that V;(z)-converges uniformly to Vo(z).
Therefore (for example, see Sect. 7 in /13/), wi(z) converges, together with its first deriva-
tives, uniformly to function V,(z) = B, while the second derivatives of ;{(z) converge weakly
in By to the second derivatives of function V,(z). Hence the validity of Lemma 4 follows from
the equality o;(z) = V;(2),
We set u, = Uy (x) if



i0 V,B. Kolmanovskii and T.L. Maizenberg

$UPuer 8¢ (2} Ve = uy’ (@) (2)Vox
Let us show that Vp (x) is almost everywhere a solution of the Bellman Eg. (1.6). Indeed, we
write (1.3) as
L,V (2) = LV (2) + u (2)¢' (2)V,
Using (1.10), for any { we obtain
(@) = LV, (2) + 1 -+ supuey & (2)¢ (@)Vex > (1.14)
L (Vo () — Vi (2)) + ui @) (2) (Vox (2) ~ Vix (2))

Let i— oo, Then the first parentheses in the right hand side of (l.14) tends to zero
weakly in B,,. while the second, uniformly. Hence it follows that I(z) > 0 for almost all «.
Further, making use of the obviocus relation

uy (1) (2)Viy (1) < uiny (@) (@)Vix (2)
and making simple manipulations, we find that

L) < ugy (@) (2) (Vi — Ve +
LV, (@) — Vi (@) + o (@) (0) (Vor — Vi)

{1.15)

As before, we conclude that the right hand side of (1.15) converges weakly to zero. By the
same token we have established that {(z) equals zero almost everywhere. Thus, boundary-value
problem (1.6) always has a solution Vo (z) = B. 1In reality, however, as follows from /13/,
function Vo 1is of class (*=(G) for some « and L, V,(z) = —1 is valid for all ze&G.
The last assertion stems from the HOlder-continuity of the expression ug (z)¢’ (z)Vy.. Speaking
precisely, the conclusion that V¥, (x)is of class (%% (G) can be obtained from /13/ in the foll-
owing manner. By W we denote a solution of the boundary-value problem
supy DW (2) = ro(x), 266 (1.16)
Wix)y=0 z=¢

Here the known function 7,{x) is determined by the formula
ro(n) = —1— B AWVl + f(2)e; — Vola)) (1.17)
i=1

We now note that the solution W (2) of this boundary-value problem, by virtue of /13/, exists
uniquely and is of class (?+2 In addition, we have W = ¥V, by virtue of {(1.17), (1.6) and
the uniqueness in B of the solution of problem (1.16). Hence Vo (z) &= C?+e (7). By Lemma 1
the inequality M1, (6) < V, (2)

holds for any admissible control u (z),

In the general case we can assert that an admissible control exists under which the error
in the determination of the optimal value of the performance functional does not exceed a
specified e > 0. BAs a matter of fact, let & >0 bpe given, From /l4/ (see the proofs of
Lemmas 2.1 and 2,2) it follows that we can always find a vector-valued function u (z) with
components satisfying a Lipschitz condition, such that for all ¥

u (@) () g = ouy (@) (3 Ve — & (1.18)
where V,{z) is the solution of problem (1.6). Using (1.18) we obtain
LVy(a) > —1 —¢ (1.19}
Using Itd's formula applied to V,. from {1.19) we find
Mye, > Volay (1 + &) (1.20)

Noting that function ¥V, (z) is bounded, we establish, in view of (1.20), that the difference

| Mty — Vo(2) | is of the order of &.. The uniqueness of the solution of the Bellman equa-
tion can be established by making use of the preceding arguments. Indeed, let V,(z) and V;(z)
be two solutions of problem (1,6), where V;(z) < V.(z) for some z & ¢. From what has been said
follows the existence of an admissible control u=u(z) such that

Va (@t 07 < Mt (6) < Ty (@) (1.21)
Because &> 0 is arbitrary the statement to be proved follows from inequality (1.21). Thus,
we have proved the following:

Theorem, Asgume that the hypotheses of Lemma 3 are fulfilled. Then the boundary-
value problem (1.6) has the unigue solution ¥V, (z) in class €% (G). If wu,(x) defined by
formula (1.6) is an admissible control, then the functions u,(z) and V,(z) represent the
optimal solution of the control problem for system (1.1) with performance index (1.2). In
the general case an admissible control always exists, under which the performance index's op-
timal value can be approached to an arbitrary degree of accuracy.

2, Excmple, We consider the controlled motion of a rigid body relative to the center
of mass under random perturbations of white noise type. By z we denote the kinetic moment of
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the rigid body, by ¢; the moment of inertia, and by 2; the projections of vector z onto the
principal central axes of inertia of the body. In the projections onto the axes mentioned the
equations of motion have the form /15/

z = 2,03 (8 — a3)(apa3)1 4wy - 0f" (123) (2.1)
Here (123) signifies that the equations for z; and z; are obtained from (2,1) by a cyclic per-

mutationof subscripts,the constant ¢2>>0, and the control is subject to the constraint
3 (2,2)
[ul= D u2<br, >0
i=1
The mechanical sense of constraint(2.2) is that the controlling moment's action on the rigid
body is the same in all directions /16/. It is required, by choosing the control, to maximize

the mean of the first instant at which |z|=r, r>0, under the condition that the modulus of
the initial value « (V) of the kinetic moment is less than r, i.e., lz(0) | <r. 1In this case
Eq. (1.6) has the form V() =0, |z]=r
2 v (2.3)
0= % 302 4oV 2oy (ag — ag) (agas)™! -+
i=1 ¢
Vx,fli:x (a5 — a))(agay)~t + 1 -~ ij (a, — ap)(ayap)~layzy -+ Max u'Vy
u, |u|<< b
The function .
.
A . 2.4
Vo (z) = 2572 S z (i)dts s7(s)ds ¢ )
1| 0
A
20 = oxp (27 (b 57 ) (2.5)
t

is a solution of this boundary-value problem., We substitute (2.4) into (2.3) and we £find the
control u,(z) maximizing the right hand side of (2.3). When +=£0 we have

up (2} = —bzx |z | (2.6)
When z=0 function V,(2) has a derivative equal to zero and, therefore, the control is not
defined at z=0. However, let us show that

1) if =z(0)=+%0, then under control (2.6) the probability that system (2,1) attains the
state z=0 before it reaches the surface |r|=r equals zero;

2) if z{(0) =0, then under any admissible control the system (2.1) leaves the point z =0
in an arbitrarily small admissible time, and, consequently, in view of 1), the system with
probability one reaches the surface |z]=r before it can return once again to the origin.

From statements 1) and 2) it follows that the control's value at z =0 plays no role at
all in the questions being examined. On the basis of 1) we take a number ¢>0 and we compute
the probability o (z) that system (2.1) reaches the surface |z|=1¢ earlier than |z|=r under
control (2.6) and initial condition =z (0) ==z. Having written for o (z) the appropriate Dirichlet
problem, we obtain

u)(r)=§:(s)ds [iz(.g)ds]“, 0<]zl<r (2.7)
€

x|

where function :z () is specified by equality (2.5). From (2.5) and (2.7) we conclude that
w(z) >0 as g0,

We now prove statement 2). Let u(z) be any admissible control and 71,(e) be the instant at
which system (2,1) first leaves the sphere |z|<{e under control u and zero initial condition.

On the basis of /8/ (also see Lemma 2 of the present paper) Mr, (8) < . Therefore,
Ty (3] T, (®)
Vo(z(x, (€) — Vo (0) = M Y LVolz, ()dt < M f sup, L Vo (, () dt = — M, (e)
0 o

Consequently, in view of (2.4) and the definition of 7 (¢)

12 t
Mr,(e) < 207 Sx(t) dtSz‘l (s) de
1] 0

The validity of statement 2) follows from (2.5) and the arbitrariness of &. Thus, we have
established that in the rigid body motion control problem (2.1) the optimal control is given
by formula (2.6) and the corresponding time by formula (2.4).

In the present paper we have studied certain control problems for systems being acted on
by Gaussian and Poisson perturbations. Various aspects of the control of a diffusion systems
are dealt with in /17,18/.



12

10

11.

12,

13.

14

15.
16.

17.
18.

V.B. Kolmanovskii and T.L. Maizenberg

REFERENCES
LIDOV, M.L. and LUK'IANOV, S.0., Problem on the time of a point's motion within a domain
under random control errors., Kosmicheskie Issledovaniia, Vol.9, No.5, 1971.

TSVETANOV, I., On the maximization of mean dwell time of a stochastic process in a pres-
cribed domain., Izv, Akad. Nauk SSSR. Tekhn. Kibernetika, No.2, 1972.

GIKHMAN, I.I. and SKOROKHOD, A.V., Stochastic Differential Equations. Kiev, "Naukova
Dumka", 1968.

DYNKIN, E,B., The theory of Markov Processes, (English translation), Pergamon Press Book
No. 09524, 1961.

KRASOVSKII, N.N., On optimum control in the presence of random disturbances,PMM Vol.24,
No. 1, 1960,

KHAS'MINSKII, R.Z. Stability of Differential Equation Systems Under Random Perturbations
of Their Parameters., Moscow, "Nauka", 1969.

FREIDLIN, M,I., On the smoothness of solutions of degenerate elliptic equations. Izv,Akad.
Nauk SSSR. Ser. Mat., Vol.32, No.6, 1968.

MAIZENBERG, T.L., Dirichlet problem for certain integro-differential equations. Izv. Akad.
Nauk SSSR. Ser. Mat., Vol.33, No.3, 1969.

LADYZHENSKAIA, O.A., and URAL'TSEVA, I.N., Linear and Quasilinear Elliptic Equations.Moscow,
"Nauka", 1973.

LIUSTERNIK (LYUSTERNIK) L.A, and SOBOLEV. V,I,.,, Elements of Functional Analysis. Moscow,
"Nauka", 1965. (see also English translation, Pergamon Press, Book No. 10133, 1965).

COURREGE P. Sur la forme intégro - differentielle des operateurs de Cp dans C satisfais-
ant au principe du maximum. Seminaire (Theorie du potentiel), M. Brelot-Choquet J. Deny,
lo-e année, 1965,1966,1.

PRAGARAUXKAS, G., On the first boundary-value problem for one class of integrodifferential
equations. Litovsk., Mat. Sb., Vol.14, No.4, 1974,

FLEMING W,H, Some Markovian optimization problems. J. Math. and Mech., 1963, Vol.12, No.l,
p. 131-140.

FLEMING W,H, Duality and a priori estimates in Markovian optimization problems. J. Math.
Analysis and Appl., 1966, Vol.1l6, No.2. p. 254-279.

BUKHGOL'TS, N.N., Basic Course in Theoretical Mechanics, Vol.2. Moscow, "Nauka", 1967.

LEE E.B. and MARKUS, L., Foundations of Optimal Control Theory. New York, J. Wiley and
Sons, Inc., 1967.

KRYLOV, N.V., Controlled Diffusion Processes. Moscow, "Nauka", 1977.

CHERNOUS 'KO, F,L. and KOLMANOVSKII, V.,B., Optimal Control Under Random Perturbations.Moscow,
"Nauka", 1978.

Translated by N.H.C,



